It is nowadays well known that there exists a coarse moduli space Wl for complete smooth curves of genus g, and that Wl g is a quasiprojective normal irreducible variety of dimension 3g -3.
The basic questions are: Is Wl irreducible? If Wl is reducible, is it pure dimensional? E. Horikawa [14] showed that surfaces with ϋ: 2 = 5,/? g = 4, q = 0 give rise to only one moduli space, connected but with two irreducible components of dimension equal to 40.
The first purpose of this paper is to show that the basic questions have a negative answer "in general", i.e., for surfaces which are quite spread in the geography of surfaces of general type and, as we shall see in the sequel, cannot be considered to be by any means pathological.
To give a more precise statement let us introduce the number M = M(S) which is called the number of moduli of S: by definition, it is the dimension of Tt at the point [S] representing the isomorphism class of S. By what we have said, for given K 2 and χ, M can take only a finite number of values. Our main result is the following
Theorem A. For each natural number n there exist positive integers M x < M 2 < < M n and orientedly homeomorphic simply connected minimal models S l9 -, S n of surfaces of general type such that M(S t ) = M t .
One of the main ideas, which was suggested to us by B. Moishezon, is to use M. Freedman's recent result (cf. [10] , [31] ) by which if S v S 2 are compact oriented differentiable simply connected 4-manifolds with the same intersection form, then they are (orientedly) homeomorphic. The surfaces we construct are "bidouble" covers (i.e., Galois covers with group (Z/2)
2 ) of P 1 X P 1 and their canonical map is a biregular embedding.
The new technique we use is a theory of "natural deformations" of bidouble covers: to keep the paper self contained we will pursue elsewhere the general theory of "natural deformations" of abelian covers. This technique allows us to construct irreducible components of the moduli spaces and compute their dimension.
We show then that these components are all different and then, using simple connectivity and Freedman's result, the proof of Theorem A is reduced to a lemma in number theory, which was proved by E. Bombieri and is contained in the appendix.
The second part of the paper ( § §5, 6) is devoted to the problem of giving bounds for M in terms of the (topological) invariants K 2 , χ. By the well-known results of Kuranishi [20] and Wavrik [34] , a neighborhood of [S] in Wl is a quotient of the Kuranishi family B by the finite group Aut(S'); hence, if 7^ is the tangent sheaf to S,
dim H ι (S, T S )>M> dim H\S, T s )-dim H 2 (S, T s ) = lOχ -2K 2 .
We prove the following results. Theorem B. M ^ lOχ + 3K 2 + 108. Theorem C. If S contains a smooth canonical curve then M < lOχ + q + \. Finally we consider the case of irregular surfaces. G. Castelnuovo [4] , using incorrect results of F. Severi [30] , stated that if S is an irregular surface without irrational pencils, then M ^ p g + 2q.
We show that this is false by producing bidouble covers for which, keeping q fixed, M grows asymptotically like 4p g .
However, with different techniques we prove a Castelnuovo-like bound: (S) is the union of the connected components of Tt(S) corresponding to surfaces diffeomorphic to S, is 2)ϊ dlff "in general" irreducible, or pure dimensional?
In a sequel to this paper we hope, by studying deformations "in the large" of our surfaces, to be able to prove that question (i) also has a negative answer in general. Question (ii), on the other hand, is intimately related to the problem whether Freedman's result can be made stronger as to give diffeomorphism of the two given differentiable manifolds.
It is a pleasure here to thank E. Bombieri and B. Moishezon for their precious help and warm encouragement.
Conventions. Throughout the paper we shall work over the ground field C of the complex numbers.
S shall usually denote a minimal model of a surface of general type, T s will be its tangent sheaf, Ω^ will be the sheaf of holomorphic 1-forms (resp. Ω| for the 2-forms).
Divisors will always be Cartier divisors, and = will denote linear equivalence, ~ algebraic equivalence.
K s will be a canonical divisor, so that 0 s (K s ) = Ω|. For a vector space V, V v will denote its dual. Given a coherent sheaf ϊFon a complex space X we shall denote H\ϊF) = As usual p g = Λ°(Ω|), q = Λ°(Ω^), and π λ will denote here the topological fundamental group.
If a, b, c G Z, a = b (mod c) will mean "a is congruent to b modulo c".
If/, g are functions from N to R, / x g means limf(n)/g(n) = l.
n-* oo
When D is a divisor, we shall say that x is an equation of D if x is a section of Θ X (D) whose associated divisor of zeros is D.
If A and B are divisors on a smooth surface S, A -B denotes their intersection number.
If G, H are two groups G* His their free product. The arrow -» denotes a surjective homomorphism, and the arrow ^> an injective one.
If A, B, C are sets, A -B -C is the set of elements of A not belonging to B U C.
Remark added in proof. Recently J. Carlsson proved that the image of Wl under the period map ψ, attached to the integrals of the holomorphic 2-forms, has dimension at most A 1 ' 1 -1. Therefore, if a generic local Torelli theorem would be true for Wl (i.e. if the general fibre of ψ had dimension 0), then one would get the inequality M<10-Jf 2 -l, which is considerably better than the one given by Theorem C.
Smooth abelian covers and their fundamental group
In this section we shall establish a result (Proposition 1.8) which shall be used in the sequel (Proposition 2.7) in order to show that certain surfaces that we shall construct as bidouble covers are simply connected. In the course of doing this we shall consider a more general situation: S and X are smooth (compact) manifolds and π: S -> X is a finite Galois cover with Galois group G abelian, and we shall consider the problem of determining π τ (S) .
By the theorem of purity of branch locus [36] the critical set of π is a divisor R, the ramification divisor, whose image π(R) is called the branch divisor and will here be denoted by D\ assuming that X is simply connected and that the components of D are flexible (cf. Definition 1.4) we prove (1.6) that ττ λ {X -D) is abelian and compute (1.8) π^S) in terms of the cohomology classes of the components of D.
We then conclude the section with a result (Corollary 1.9) of independent interest. Proposition 1.1. R and D are divisors with smooth components and with normal crossings. Moreover, if x e S, the stabilizer of x, G x , is the direct sum of the stabilizers of the components of R passing through x. These last subgroups are cyclic.
Proof. For g e G, let Fix(g) be the set {x\g(x) = x). If Γ c S X S is the graph of g, and Δ is the diagonal, then Fix(g) is the intersection of Γ with Δ.
Notice that, in general, the stabilizer of a point x, G x , has, via the differential, a representation p x on T x s . Now the eigenvalues of ρ x (g) for x e Fix(g) are roots of unity and depend continuously on x 9 therefore they are constant on the connected components of Fix(g), and, by the rank theorem, Fix(g) is a union of smooth sub varieties of dimension equal to the number of (+1) eigenvalues. It follows, in particular, the well-known fact that p x is a faithful representation.
Assume that Λ z is a component of R and let G z be the stabilizer of R t (i.e. G,= n xeR β x ). If x E: R^ then G i has a faithful representation through ρ x which is trivial on T x R since a finite subgroup of C* is cyclic, G, is cyclic.
Assume now that y is a point with nontrivial stabilizer G y \ p y splits as a direct sum of characters χ l9 -,χ n of G y . Now Fix(G y ) is the intersection of the components of R passing throughy 9 say R l9 --9 R k .By what we have seen if we put G; = ker( Xl , ,χ lV ,χ J, G/ is cyclic and, if G,' # 0, then Fix(G/) = R\ is a component of Λ passing through y. Moreover, all such components are obtained in this way.
Since p y is faithful, the G/'s give a direct sum G' = Θ" =1 G/. Consider Z = S/G' and π': 5 -> Z; set z = T7 r ( j). Then z is a smooth point of Z and TΓ": Z -> A" is unramified in codimension 1, hence, by purity of the branch locus, π" is unramified and G' = G y .
Therefore we can assume R] = R t for / = 1, •,/:, R] = 0 for / > &, and our assertions are proven if we show that D also has normal crossings, but this follows because, if x e D and π(y) = x, a neighborhood of x in I is isomorphic to a neighborhood of z in Z = S/G r q.e.d.
We remark at this point that 7r factors canonically as where X' is maximal such that p' is unramified. In fact one must take X' as S/G\ where G' is the subgroup of G generated by the stabilizers G x of points of 5. Definition 1.2. We shall say that π is totally ramified if /?' is an isomorphism (i.e., if G' = G Let
Since E λ is a section of/, we can find a tubular neighborhood Γ of E x and a section Γ of/: 7 -* ^ such that ΓcΓ, hence, a fortiori, Γ c ^"HΓ!): in fact T -E λ is homotopically equivalent to an S^-bundle over P 1 , therefore its restriction to B is a trivial bundle, moreover, by our choice of B, Dj is transversal to the fibres of f\f-\ B y Therefore ^(7), by the homotopy exact sequence of a bundle, is a semidirect product of π λ (F) and ^(Γ).
Hence Proof. By Theorem 1.6, ir x (X -D) is abelian; hence π\ s _ R has a group of cover transformations G = π x (X -D)/^(S -R), and by the normality of S, G extends to a group of automorphisms of S such that S/G = X. q.e.d.
In the hypotheses of Theorem 1.6, we know that π x (X -D) = H X (X -D,Z). To compute this last group, which we already know to be generated by k elements (the images of γ l5 -9 y k ) 9 we denote by V an open tubular neighborhood of D and by 3Fits boundary. By Lefschetz's duality
where the last isomorphism is by excision and n is the complex dimension of X. The exact sequence of the pair, considering that V is homotopically equivalent to Z), gives us 
let e i} (j = 1, ,AZ) be the canonical generator of the addendum Z/m t Z in the th copy of G in G n \ then we map y u -> e l7 fory < «, and γ /(π+1) to Σ n j=ι e i} . But in this way it is not clear that the cover S -R -> X -D extends to a smooth cover, not just a normal one. But S can be constructed in the following way: let S be the abelian cover of X with group G n+1 obtained by taking, V/,y in the line bundle H, the m^th root of D iΓ By Proposition 1.8, S is simply connected, and is clearly smooth.
Embed now G diagonally in G π+1 : now, since D has normal crossings, it is easy to verify that the resulting action of G is free.
Hence if S = S/G, π x (S) = G and S -> X is abelian with group G" +ι /G = G\
Bidouble covers and their deformations
In this section we shall concentrate on the case where 5, X are surfaces and for brevity we shall discuss the case where G = (Z/2Z) 2 , which is enough for our present applications.
Our goal is to describe the datum of such a Galois cover π: S -> X in terms of an algebraic setting which allows us to write down explicitly in many cases the local deformation space of S. Anyhow, before proceeding to this special case, let us explain the basic philosophy.
First of all, if G is abelian, π*Θ s is the vector bundle on X which splits as a direct sum Θ χeG * i^, where G* is the group of characters of G and G operates on JS^ by the character χ.
5" is determined by the ^algebra structure of the integral algebra π*Θ s , in turn determined by nonzero homomorphisms of & χ Θ & χ , ->i^+ χ , satisfying compatibility conditions. These homomorphisms are determined by the equations x i of the Z> z 's. Deforming the D/s one gets new abelian covers of X: to obtain a bigger natural way of deforming S, one factors Vz = 1, ,
. S is an m^th cyclic cover of Y i9 and there is a natural way of deforming a cyclic cover since S is given as an hyper surf ace on a line bundle with base YJ; the bulk of the problem is to put together these independent deformations in a unique smooth family.
Assume now G = (Z/2Z) 2 and let {σ 1? σ 2 , σ 3 } = G -{0}. Let Y t = S/θj be as above (notice that it has some ordinary quadratic singularities at the isolated fixpoints of σ /? given by Rj Π R k , where (z, j\ k) is a permutation of (1,2,3)).
Let χ z be the character orthogonal to σ i9 and nonzero.
The double cover Y t is ramified on Dj + D k , therefore one can choose an equation of D i9 x t (i = 1,2,3), such that XjX k is a section giving the homomorphism oί S^2 -> O x which gives the algebra structure to (Pi)*O γ .. We write therefore.^ = 0 X (-L t ) and we have
We observe also that one has a homomorphism of which is given by x k (notice that 2(L, + Lj -L k ) = 2D k by (2.1) and that if X has no 2-torsion then (2.1) implies the following linear equivalence (2.2)).
We have therefore also Proof. Define S as Spec((9^ Θ (Θ/^β^-L,))) where the algebra structure is given by the equations x t as described above and you get how to associate to the given data the bidouble cover.
It is more satisfactory, for later use, to embed S in a vector bundle V over X, and to write equations for S. Define V to be ®J ==1 Θ x (L i ) and denote by w l9 w 2 ,w 3 fibre coordinates relative to the three summands (i.e. the w/s are given by linear functionals on the fibres and are expressed by functions w ia when one fixes a trivializing cover (U a ) for V: anyhow we shall avoid the use of the index α, to simplify our notations).
Consider now in V the sub variety S given by the following equations:
(/, j 9 k) being a permutation,
One notices that the surface S given by the first set of three equations, i.e. w 2 = XjX k9 is a Galois (Z/2Z) 3 covering of X. S is a complete intersection in V 9 and splits into two components, S = S + and S", where S~ is determined by the equations x k w k = -WJWJ.
Though S is singular, S* and S~ are smooth. Now 5 + Π S' consists of R = R x U R 2 U R 3 and R t -Rj -R k is a nodal curve for S, while at the points of Λ , Π Λ 7 the singularity of 5 is the one given by two quadrics in 3-space tangent at one point and with the same pair of asymptotic lines.
In fact x k w k = -WjWj = w ( Wj (k = 1,2,3) implies that at least 2 of the coordinates w t are zero.
Then S + Π 5" is the union of the three components defined by the equations w i = Wj f = x k = 0 and w k = χ t χ j9 i.e., the R k s.
Clearly S can be singular only over D\ at the points of R k -R t -R j9 x i9 x j are not zero and S is contained in the smooth threefold w k = x f x j9 x k = wf/Xj with local coordinates w i9 y k9 Wj (if x k9 y k are local coordinates on X at the point of projection) and there S is defined by the equation wf/x i = wf/Xj.
On the other hand, at the points of R ιf n Rj, x i9 χ j and the w z 's are local coordinates for V and S is contained in the smooth threefold wf/x k = x i9 w?/x k = Xj with local coordinates w i9 w j9 w k and there S is defined by the single equation
Hence we have shown that S is smooth; moreover, on S, are defined sections R;) such that
We notice that the only ambiguity is that, if (z 1? z 2 , z 3 ) is a choice, (-z 1 ,-z 2 ,-z 3 ) is the only other allowable one. We remark also that the formulas (2.5) do not define S (up to the above involution, cf. Corollary 1.9) unless there exist divisors L\ on S such that
With these sections, we notice that, to have local coordinates on 5, one can take (z i9 Zj) at the points of R t Π Rj, while, if (x i9 y t ) are local coordinates
In the remaining points of S one can lift local coordinates on X to obtain local coordinates on S.
Now the action of σ, on S is induced by the following action on V:
which in the local coordinates around R t -Rj -R k is expressed by σ^z,, y t ) = (-*,-, Λ ) At the points of R t Π Rj, fixed by the group G, the action is given as
To finish the proof, we need only to notice that multiplying x t by a nonzero constant, say c 2 , we obtain an isomorphic surface S (multiply w y , w k by c).
We can rephrase Proposition 1.8 as follows.
Proposition 2.7. Let π: S -> X be a smooth bidouble cover with X simply connected and the D^s flexible. Then π λ (S) = Z/2Z if and only if each D t is not empty and is 2-divisible in Pic( X).
In the remaining cases S is simply connected.
Proof. Since, as we tacitly assumed until now, S is connected, at most one of the D/s is empty.
In fact, we have, by Proposition 1. 
/V00/. Clearly, Ω^ c Ω^(logD v ,log D^) and if we have a form which is locally written as Σf =1 a { dx i /x i + TJ, where η G Ω 1^, we define its image by the residue map R to be the collection of the residue classes a t (mod*;). Clearly the sequence is exact provided the definition is well posed. That is, we must show that, if Σ α, dxjx^ is regular (i.e., in Ω^), then x\a^ We shall prove this result by induction on k. For k = 1 we have a form of type η = (a/x) dx, and, if y v -9 y n are local coordinates on X, then η = (a/x)Σ f ] = ι(dx/dy j ) dy j hence, for each j 9 (a/x) dx/dyj is regular. By the Weierstrass preparation theorem we can assume that x and dx/dy λ have no common factors, hence x divides a.
Finally, assume that (x l9
-,x k ) is a regular sequence: then x k is not a zero divisor in 0/{x t ) for i < k (here we exploit the fact that Θ is a regular local ring, hence the condition of being a regular sequence is independent of the ordering, cf. [23] ). We can assume, by the inductive assumption, since Σf~ι x k a i dx i /x i is a regular form, that x t divides x k a { (/ = 1, -,k -1); by the above remark x^a^ hence a k dis a regular form and x k \a k .
q.e.d. We remark now that, for any sheaf !F on S, π * IF splits as a direct sum according to the characters of G.
In particular, we have seen that (2.13)
Now, it is well known that
hence K s is not in general a pullback if S is simply connected, but we have in any case the following Lemma 2.15.
Proof. Consider again the factorization of π given by Now 77* = (PjOaieί^)*, and ω γ is the σ-invariant part of (τ7;)*ω 5 . Hence, since (p { )*ω y . = ω x θ w x (L t ) 9 the invariant summand of 7r # (ω s ) is ω^, and the one corresponding to the character χ y is ω x (L z ). q.e.d.
For use later on in the study of the infinitesimal deformations of S, we compute 7r # (Ω^ ® Ω|).
Theorem 2.16.
oreover, the first summand is the G-inυariant one, the others correspond to the three nontriυial characters χ 7 .
Proof. Let us compute first the G-invariant summand. Locally around Rj Γ n R k , Ω^ Θ Ωj is spanned over 0^ by where / = j 9 k. Now all these eight generators are eigenvectors for the action of G. If we impose invariance by the action of σ, we remain only with
Invariance also by σ j9 σ k implies that we are left only with
i.e., up to constants,
Around D έ -Dj -D k we get a sheaf locally isomorphic to Ω^ <8) Ω^(log £>,), on X -D a sheaf isomorphic to Ω^ ® Ω^ and the proof follows since there is a canonical inclusion of Ω^(log2> l9 log D 2 , log D 3 ) ® Ω^in π^Ω^ <8) Ω^) G . The summand corresponding to the character χ y is spanned by σ-invariants, Oj, σ^-anti-invariants.
Around R Γ\ R k we get 
<MA) Φ <W^i -^i) s (Λ) (^Dί(^ί))-
Now, though Y λ has singular points, nodes, the map π x : S t -» y χ has as branch locus the nodes of 7 X plus a movable divisor /){(*)> hence our result follows from known facts about double covers (cf. [14] , [27] ).
An alternate proof can be given as follows: since we have a deformation of S as a submanifold of V, if N S \ V is the normal bundle of S in K, the infinitesimal deformations determines a section of iV^ and the Kodaira-Spencer class is given through the coboundary 
), then every small deformation of S is a natural deformation. In particular, the Kuranishi family B of S is smooth (and its dimension can be computed by (2.18)).
Proof. Natural deformations give a family of deformations with surjective Kodaira-Spencer map: since natural deformations are parametrized by a smooth variety, their image in B contains a neighborhood of 0 in
We conclude this section by computing the numerical invariants of bidouble covers.
Since K s = π*K x + R, and 2R = ττ*Z>, (2.21) Kl \ On the other hand,
an equality which can also be expressed as
We also derive a useful formula in case H ι (π*T x ) is zero; then the Kuranishi family B of S is smooth of dimension equal to
(2.23) Σ {^{Θ x {/),.)) -1 + h°(& χ (D t -L ξ ))) -h°{π*T x ) -h°{T s ).
We just remark that if the L z 's are sufficiently ample, then S is of general type, hence h°(T s ) = 0, and moreover h°(π*T x ) = h°(T x ) = dim c Aut(JT). Also bear in mind that T Q = 0 Q (2,0) Θ (P β (0,2).
The situation for double coverings is quite simple: every small deformation is still a double covering, if S is of general type.
In fact we have (with almost the same proof of 2.16 and that which follows).
Proposition 3.1. Let X-* Y be a smooth double cover with π*(& x ) = Θ γ Θ Θ γ (-L). Then, if D is the branch divisor, Moreover we have the exact sequence

-H°(T X ) -H°(π*T Y ) -> H°(Θ D (D)) Λ
which, by Table I , can be nonzero, if we assume n > w, only if m < 2, « > 2.
Let us pass now to consider bidouble covers.
Let Θ Q (D i ) be the line bundle Og(n i9 m,). Then n t = Πj (mod2), m t = m (mod 2), and
Since H ι (T Q ) = 0, we want ^{^{-L^) = 0; i.e., by the remarks above, it is sufficient to have a i9 b t > 3, in order that every small deformation of S be a natural deformation. Also, in this case, by Table I 
Lemma 3.4. S is a minimal model of a surface of general type if Σ a t > 5,
Proof. 2K S = 7Γ*(Z> + K Q \ therefore in the above hypotheses \2K S \ has no fixed part and maps to a surface.
Example 3.5. This is a case when not all the deformations are natural (cf. [7] 
Therefore the cohomology long exact sequence associated to (2.17) reduces to
and, if 3 is injective, we conclude that if °(Ω^ Θ Ω|) = 0 (i.e., H 2 (T S ) = 0) and the Kuranishi family 5 of S is smooth of dimension 16, while in this case all the natural deformations are Galois covers, and give a 11-dimensional subvariety of B.
The injectivity of 8 follows from the following lemma. 9 which is nothing else than c^D^ (cf. [18, p. 64]). q.e.d.
We are now going to study the behavior of the canonical map of a bidouble cover of P 1 X P 1 ; as a biproduct of this investigation we shall obtain the fact that corresponding to different choices of the (n i9 m^'s (up to permutations of {1,2,3} and the symmetry of P 1 X P 1 exchanging the factors) one gets different families of surfaces.
Theorem 3.8. Let S be a smooth bidouble covering of P 1 X P 1 corresponding to three divisors of types (n i9 ra,). Assume that m t + ra 7 Remark that this component is unirational.
For the assertions regarding the canonical system, recall that Since any very ample linear system on Q of type (a ι ,a 2 ) with α, > 2 has no inflectionary behavior, clearly r p is onto if p € R.
Assume nowp ei,.-R k9 and choose local coordinates z i9 y i9 where zf = x i9 as usual, and x i9 y t are local coordinates at 7r(^). It suffices to remark that any jet of second order at/? can be written as/(z 7 2 , y t ) + g(zf 9 y^z^ If, instead, p e R t n R j9 z i9 Zj are local coordinates, and we only get jets of the type f(zf 9 zj) + z t g(zf 9 zj) + Zjh(zf 9 has the tangent direction of z z = 0 as a simple root, but the tangent direction to Zj = 0 is not a root, and L is a root of multiplicity v} it follows that ^ = min(a /9 fe f ).
Hence λ z , ^ determine the (unordered) pair (a i9 b ( ).
Considering instead sections of H°(K S ) vanishing of even order at/? one can determine in an analogous way the pair (a k9 b k ) .
In fact a section vanishing at p of even maximal order 2a k b k is such that 4 tangent directions are determined, the pullback of the two rulings on P 1 X P 1 ; 2 of these directions, L l9 L' v appear with multiplicity a k9 2 with multiplicity
Choosing a section of maximal odd order vanishing at /? and with the tangent direction of z t = 0 as a simple root one determines the ordered pair (a i9 b t \ a t = multiplicity of L l9 L\, b i = multiplicity of L 2 , U 2 .
Nonpure dimensionality of the moduli spaces
In this section we shall finally prove Theorem A, tying up together many results proved so far. We start by recalling some known facts on the topology of compact complex surfaces.
Let S be a complex compact surface. S is in a natural way an oriented compact 4-manifold.
Let b t (/ = 1, ,4) be the Betti numbers of S, i.e., b t = dim c H\S 9 C), and let e = Σ? =0 (-iy be the topological Euler-Poincare characteristic of S.
Assume in the sequel that S is simply connected. Then H 2 (S, Z) is a lattice of rank equal to b 2 , and Poincare duality gives a unimodular integral quadratic form?: i/ 2 (S,Z)^Z. Let b + (b~) be the number of (+1) ((-1)) eigenvalues of q and let T = b + -bb e the signature of q (since q is nondegenerate, b 2 = b + + b~). It is well known that the two holomorphic invariants χ, K 2 are uniquely determined by the topological invariants e, τ.
In fact one has K 2 = 3τ + 2e and 12χ = (3τ + 3e) The quadratic form q is said to be even if q(x) = 0 (mod 2) Vx e // 2 (S, Z). Remark 4.1. If #(;c) # -1 Vx, then S is necessarily a minimal surface. In fact an exceptional curve of the first kind has a Chern class x with q(x) = -1. In particular, if q is even, then S is minimal.
We also recall that if S is a minimal model of surface of general type, the following inequalities hold:
S. T. Yau [35] also proved that if K 2 = 9χ and AT is ample, then the universal cover of S is the unit ball in C 2 . From the above results also follows (cf. [25] , [32] ) the corollary:
,. ^\ P 2 is the only simply connected complex surface for which the quadratic form q is positive definite.
In fact if b 2 = b + = T, then S is minimal. Now
Therefore, if Z> 2 = T, Z> 2 = 1 and b x = 0, then # 2 = 9, x = 1. Now, if S is minimal and K 2 = 9, then either S = P 2 or S is of general type, and since b 2 = 1, A^ is ample; but then ^(5) is an infinite group by the theorem of Yau.
Remark 4.3. The above arguments show that b 2 = τ imply that S is minimal and K 2 = 9, x = 1, b γ = 0. Moreover, we recall that if S is a minimal surface, and K 2 ^ 1, then either S is of general type, or S is a minimal rational surface, i.e. either P 2 or a ruled surface ¥ n (n = 0,2,3, ), for which ϋ: 2 = 8, x = 1. For the reader's convenience, we also recall the recent result of M. Freedman ([10] , [31] ) which, together with earlier results of Milnor [24] , Novikov [26] and Wall [33] , gives the following theorem. (mod 2), in case (a) the quadratic forms q t are both even and in case (b) they are both odd. In particular, in case (a) the S/s are minimal by Remark 4.1. It is classical, (see e.g. [29, pp. 92-93] ) that two integral unimodular indefinite quadratic forms are completely determined by their rank, their signature and their parity. In our case K 2 , χ determine the rank = e -2 and the signature τ; we only have to prove that q t is indefinite. q t cannot be positive definite by 4.3, since K 2 is Φ 9, and q t can never be negative definite by the following lemma, hence we can apply Freedman's theorem. Moreover So the problem is reduced to finding, for each /c, k 4-tuples of numbers, satisfying certain inequalities, for which the two quadratic polynomials K 2 , χ take the same values, but the polynomial M takes all different values.
To simplify the numerical problem, we set
where, of course, we want w, t;, w, z to be even numbers, since a = n (mod 2 Proof. The proof given in the letter of E. Bombieri, reproduced in the appendix, applies mutatis mutandis in this case.
Remark 4.8. By Freedman's result it follows that all homotopy K3 surfaces (see [17] ) are homeomorphic to a smooth quartic in P 3 ; therefore we get thus a countable number of homeomorphic surfaces which are not deformations of each other.
Bounds for the number of moduli in terms of topological invariants
As mentioned in the Introduction, by the Kodaira-Spencer-Kuranishi theory of deformations, and the result of Wavrik ([18] - [20] ) a neighborhood of [S] in Jt is isomorphic to 2?/Aut(S), where B is the base of the Kuranishi family of deformations.
Hence M = dim B > lOχ -2K 2 , and M < h\T s ). In fact, since e.g. Aut(S) is a finite group [22] Consider now the exact sequences
By the associated cohomology sequences we get
In the general case, we are going to apply the following theorem of Bombieri [2, Theorem 2, p. 184].
Theorem. The linear system \(m + l)K\ is free from basepoints if:
2 + 108. iVw/. We follow the same method used for Theorem C. Let Γ be a smooth curve in \(m + 1)AΊ Again Γ is connected and we can consider the two exact sequences moreover, if w > 1, /f°(Ω^(-m^)) = 0 by Bogomolov's lemma (see e.g. [1] , [25] , [32] 
In the second case ( [5] , [6] ) the number of moduli M equals lOχ -2K 2 , in the first we apply (i) with m = 3 to get M < lOχ + 12# 2 < lOχ + 3# 2 + 18. It is natural to ask how sharp are these upper bounds, at least asymptotically as K 2 , x -» 00. In this regard the bound given by Theorem C should be considered the more natural one although surfaces which do not possess a smooth canonical curve do not belong to a finite number of families. We show now that at least 4χ is needed. 
Therefore, M(S) > 4r 2 H 2 + (terms of lower order in r), while χ(Θ s ) = ΛΓ 2 r 2 + (lower order terms).
Irregular surfaces without irrational pencils
In this last section, before proving Theorem D we want, on the one hand, to discuss the good properties shared by surfaces without irrational pencils, on the other hand we want to analyze the reasons why Castelnuovo's claim does not hold true. If ^4 = Alb(5) is simple, then S has no irrational pencils unless a(S) is a curve. In fact, by the universal property of the Albanese map, if /: S -> B is an irrational pencil, and / is the Jacobian variety of 2?, / factors through α; hence
J = A md a(S) = B.
We recall some known facts. is not a point, and if S has no irrational pencils, then 7 is a surface and again the intersection matrix (D^Dj) is negative definite.
In particular, if S has no irrational pencils and a(C) Φ 0, then C 2 < 0. The same arguments of Remark 6.8. can be used to prove Proposition 6.9. Let η be a nonzero holomorphic \-form, and assume that the surface S has no irrational pencils. Then the irreducible integral curves of η are numerically independent, hence their number is strictly less than the Picard number p of S (p = rankNumίS)).
So, if S is an irregular surface without irrational pencils, there are few curves which are integrals of some holomorphic 1-form, and, a fortiori, few curves over which a nonzero η can vanish.
In the paper [30] , Severi claimed that the 1-forms on S had no common zeros if S had no irrational pencil of genus equal to q. This is however almost always false, e.g. in the situation described in Proposition 5.6. In fact, if Xis an irregular surface there without irrational pencils, the Albanese map of S factors through π: Sj -> X and the Albanese map of X, hence also S has no irrational pencils; but every 1-form on Sj vanishes at the singular points of the ramification divisor Roίπ.
To get now a surface S as above where every 1-form vanishes on a curve, take an X where every 1-form vanishes at a point p, and a double cover ψ':
is a rational double point of S': then let S be a minimal desingularization of 5".
We can again easily obtain that S has no irrational pencils, and that every 1-form on S is pullback of a 1-form on X; hence, if Ψ: S -> X is the double cover and Ψ(C) = /?, every 1-form vanishes on C.
Using these incorrect results of Severi, Castelnuovo in [4] claimed that if S has no irrational pencils, then M(S) < p g + 2q. Proposition 5.6. shows that this is indeed false, anyhow we are going to state same results close in spirit to the one claimed by Castelnuovo. Here η is given by (η u η 2 ) and the cokernel, J*", is supported on C = Λ η 2 ). a rank 1 torsion-free Θ c sheaf, and the section τj 3 : 0 S -> Ω^ induces on the quotient the homomorphism (6.12), whose cokernel Δ has support contained in N (Δ = OiίN = 0).
To prove the first assertion, which is equivalent to cf(ίl To prove the second assertion, it suffices to tensor the sequences (6.11), (6.12) q.e.d.
We can sharpen the previous result: if q > 3 and one has a sequence like (6.11), then Λ°(^") > 1 and J^is a rank-1 torsion free C^c sheaf if C = div(η x Λ η 2 ) is a reduced curve. Therefore, if η 3 is a nonzero section of J*", one has also a sequence like (6.12) and supp(Δ) has dimension zero if furthermore C is irreducible.
The proof then goes on in exactly the same way, and, if equality holds (K 2 = 6χ), then q = 3 and the Albanese map α: S -> Λ is unramified. In particular, the same conclusions hold if Ω^ is generated by global sections outside a finite number of points.
Question. If q = 3 and a: S -> A is unramified, then is it also an embedding?
Appendix: Letter of E. Bombieri written to the author on March 2,1982
Here is a solution to your problem. You want to show that one can solve the equations This is easy to do and we can choose for example M o = 6 m for sufficiently large m.
In the next step we choose a sequence w λ < w 2 < < w k of large prime numbers, with w k /w x < (1 -ε)" 1 ; by the Prime Number Theorem, we can do this with k and w x arbitrarily large. Now we can use the Chinese Remainder Theorem and construct Λ^o such that 
